THE IRREGULAR SET FOR MAPS WITH THE 
SPECIFICATION PROPERTY HAS FULL TOPOLOGICAL 

PRESSURE 

bo 
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Abstract. Let (X, d) be a compact metric space, / : X i— ► X be 
a continuous map with the specification property, and <p : X i— > K a 
continuous function. We consider the set of points for which the Birkhoff 
average of p does not exist (which we call the irregular set for ip) and 
show that this set is either empty or carries full topological pressure (in 
the sense of Pesin and Pitskel). We formulate various equivalent natural 
Zf} ' conditions on tp that completely describe when the latter situation holds 

{~*\ . and give examples of interesting systems to which our results apply 

but were not previously known. As an application, we show that for a 
i -~h ' suspension flow over a continuous map with specification, the irregular 

C^ , set carries full topological entropy. 



(N 



For a compact metric space (X, d) , a continuous map /:IhI and a 
continuous function ip : X \— > K, we define the irregular set for ip to be 

(1) X v :=(i£l: lim — N ip(f l (x)) does not exist > . 

rwoo n *-^ 

CN ; i i=o ) 

C ' The irregular set arises naturally in the context of multifractal analysis, 

~? ■ where one decomposes a space X into the disjoint union 

X = \^J Xp^a U Xp, 

/\ ' where X^^ a is the set of points for which the Birkhoff average of ip is equal to 

j^ ■ a. We begin a program to understand the topological pressure of the multi- 

fractal decomposition by focusing on the irregular set X v (we will consider 
the topological pressure of the sets X^^ a in future work) . The motivation for 
proving multifractal analysis results where pressure is the dimension charac- 
teristic is twofold. Firstly, topological pressure is a non-trivial and natural 
generalisation of topological entropy, which is the standard dynamical di- 
mension characteristic. Secondly, understanding the topological pressure of 
the multifractal decomposition allows us to prove results about the topologi- 
cal entropy of systems related to the original system, for example, suspension 
flows (see §5). 

Our main result (theorem I2.2p is that when / has the specification prop- 
erty, Xy, carries full topological pressure or is the empty set. We give con- 
ditions on ip which completely describe which of the two cases hold. 
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The class of maps satisfying the specification property includes the time-1 
map of the geodesic flow of compact connected negative curvature manifolds 
and certain quasi-hyperbolic toral automorphisms as well as any system 
which can be modelled by a topologically mixing shift of finite type (see §4 
for details). 

The first to notice the phenomenon of the irregular set carrying full en- 
tropy were Pesin and Pitskel [16] in the case of the Bernoulli shift on 2 
symbols. Barreira and Schmeling [3] studied the irregular set for a variety 
of uniformly hyperbolic systems using symbolic dynamics. They showed 
that, for example, the irregular set of a generic Holder continuous function 
on a conformal repeller has full entropy (and Hausdorff dimension). Our 
results apply to a more general class of systems and we consider irregular 
sets for continuous functions which are not Holder. 

Takens and Verbitskiy have obtained multifractal analysis results for the 
class of maps with specification, using topological entropy as the dimension 
characteristic [18], [T7]- However, they do not consider the irregular set. 
Ercai, Kupper and Lin [8] proved that the irregular set is either empty or 
carries full entropy for maps with the specification property. Our results 
were derived independently and include the result of [8] as a special case. 
Our methods are largely inspired by those of Takens and Verbitskiy [18] . To 
the best of the author's knowledge, our result is the first about the pressure 
of the irregular set. 

We apply our main result to show that the irregular set for a suspension 
flow over a map with specification has full topological entropy. By consider- 
ing the 'li-dimension' of the irregular set in the base, Barreira and Saussol 
PQ proved analogous results which apply when the suspension is over a shift 
of finite type. They assume Holder continuity of <p and the roof function, 
whereas we require only continuity. 

We expect that an analogue of our main theorem 12.21 holds for flows 
with the specification property, and that our current method of proof can 
be adapted to this setting (although we do not pursue this here). Such an 
approach would not cover every suspension flow to which our current results 
apply. In particular, a special flow (i.e. a suspension flow with constant roof 
function) over a map with specification never has the specification property 
itself, but is in the class of flows treated in §5. 

In §1, we take care of our preliminaries. In §2, we state our main results 
and key ideas of the proof. In §3, we prove our main theorem. In §4, we 
describe examples of maps to which our results can be applied. In §5, we 
apply our main result to suspension flows. 

1. Preliminaries 

We give the definitions and fix the notation necessary to give a precise 
statement of our results, including topological entropy for non-compact sets 
and the specification property. Let (X, d) be a compact metric space and 
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/ : X i— ► X a continuous map. Let C{X) denote the space of continuous 
functions from X to R, and ip,ip € C(X). Let S n ip{x) := X^r=o PiPi 00 )) 
and for c > 0, let Var(9?, c) := sup{|9?(:r) — <p(y)\ : d(x,y) < c}. Let A4/(X) 
denote the space of /-invariant probability measures and .Mj(-X~) denote 
those which are ergodic. If X' C X is an /-invariant subset, let Aif(X') 
denote the subset of A4f(X) for which the measures fi satisfy /J,(X') = 1. 
We define, for later use, the empirical measures 

n-l 



5 x ,n = - y\ s 

n ^ — ^ 



fc=0 

where 5 X is the Dirac measure at x. 

Definition 1.1. Let e > 0. Given n > and a point x £ X, define the open 
(n, e)-ball at x by 

B n (x, e) = {yeX: d(f(x), f{y)) < e for all z = 0, . . . , n - 1}. 

Alternatively, let us define a new metric 

d n (x,y) =max{d(f i (x),f(y)) : i = 0, 1, . . . ,n - 1}. 

It is clear that B n (x, e) is the open ball of radius e around x in the d n metric, 
and that if n < m we have d n (x, y) < d m (x, y) and B m (x, e) C B n (x, e). 

Definition 1.2. Let Z C X, n € N and e > 0. We say a set 5 C 2 is an 
(n, e) spanning set for Z if for every z £ Z, there exists x € 5 with d n (x, z) < 
e. Let -/V(.Z, n, e) denote the smallest cardinality of a (n, e) spanning set for 
Z. We say a set TZ C Z is an (n, e) separated set for Z if for every x,y ETZ, 
d n (x, y) > e. Let S(Z, n, e) denote the largest cardinality of a (n, e) separated 
set for Z. 

See [19] for the basic properties of spanning sets and seperated sets. 

1.1. Definition of the topological pressure. Let Z C X be an arbi- 
trary Borel set, not necessarily compact or invariant. We use the defini- 
tion of topological pressure as a characteristic of dimension type, due to 
Pesin and Pitskel. We consider finite and countable collections of the form 
T = {B ni (xi, e)}j. For a € R, we define the following quantities: 

/ rii-l \ 

Q(Z,a,T,^) = ^2 exp I -arn+ sup ^ ip(f k {x)) J , 

B ni (xi,e)eT V x&B n .{xi,e) fc=Q / 

M(Z,a,e,N,ip) = inf Q(Z,a,r,^), 

where the infimum is taken over all finite or countable collections of the 
form T = {B ni (xi, e)}j with xi E X such that T covers Z and n,; > iV for all 
i = 1, 2, . . .. Define 

m(Z,a,e,ip) = lim M(Z,a,e,N,il)). 
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The existence of the limit is guaranteed since the function M{Z, a, e, N) does 
not decrease with N. By standard techniques, we can show the existence of 

Pz{^-, e) := inf{a : m(Z, a, e, ip) = 0} = sup{a : m(Z, a, e, ip) = oo}. 

Definition 1.3. The topological pressure of ip on Z is given by 

PzW = limP z (^,e). 

See |15| for verification of well-definedness of the quantities Pz(ip, e) and 
Pzty). 

Theorem 1.4. Topological pressure satisfies: 

(1) PzM < PzM tfZi ^2^ X; 

(2) PzW = su Pi >! PzM where Z = [\^ Z t fori = 1,2,.... 

If Z is compact and invariant, our definition agrees with the usual topo- 
logical pressure as defined in [19]. We denote the topological pressure of 
the whole space by P^ assic (ip), to emphasise that we are dealing with the 
familiar compact, invariant definition. 

1.2. The specification property. We are interested in transformations / 
of the following type: 

Definition 1.5. A continuous map / : X i— > X satisfies the specification 
property if for all e > 0, there exists an integer m = m(e) such that for any 
collection {Ij = [a,j, bj] C N : j = 1, . . . , k} of finite intervals with gu+i — bj > 
m(e) for j = 1, . . . , k — 1 and any x\, . . . , Xf. in X, there exists a point x € X 
such that 

(2) d(f p+aj x, f p Xj) < e for all p = 0, . . . , bj - a,j and every j = 1, . . . , k. 

The original definition of specification, due to Bowen, was stronger. 

Definition 1.6. We say / : X i— > X satisfies Bowen specification if under 
the assumptions of definition 11.51 and for every p > b^ — a\ + m(e), there 
exists a periodic point x G X of least period p satisfying ([2]). 

One can describe a map / with specification intuititively as follows. For 
any set of points x\,...,Xk in X, there is an x G X whose orbit follows the 
orbits of all the points x\,...,Xk- In this way, one can connect together 
arbitrary pieces of orbit. If / has Bowen specification, x can be chosen to 
be a periodic point of any sufficiently large period. 

One can verify that a map with the specification property is topologically 
mixing. The following converse result holds [3], a recent proof of which is 
available in [Bj. 

Theorem 1.7 (Blokh Theorem). A topologically mixing map of the interval 
has Bowen specification. 
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A factor of a system with specification has specification. We give a survey 
of many interesting examples of maps with the specification property in $4) 

We will actually study a weakening of the definition of specification as 
follows. Let X' C X be /-invariant (but not necessarily compact). 

Definition 1.8. A continuous map / : X \— > X satisfies the specification 
property on X' if for all e > 0, there exists an integer m = m(e) such that 
for any collection {/,• = [a,j, bj] C N : j = 1, . . . , k} of finite intervals with 
dj+i — bj > m(e) for j = 1, . . . ,k — 1 and any x\, . . . , xt in X' , there exists 
a point x € X such that 

d(f p+aj x, f p Xj) < e for all p = 0, . . . , bj — aj and every j = 1, . . . , k. 

Our results generalise to this setting naturally with little extra difficulty in 
the proofs. Although we do not offer an application of this extra generality, 
we think that there may be examples of non-uniformly hyperbolic systems 
where definition 11.81 holds on an interesting subset but where definition 11.51 
is not verifiable. 

1.3. Cohomology and the irregular set. Let 4>\-,4>2 £ C{X). We say 
(pi is cohomologous to 02 if they differ by a coboundary, i.e. there exists 
h 6 C(X) such that 

4>i=4>2 + h-hof. 

For a constant c, let Cob(X, f, c) denote the space of functions cohomologous 
to c and Cob(X, f, c) be the closure of Cob(X, f, c) in the sup norm. 

We recall that X v is the irregular set for ip, defined at (P). By Birkhoff's 
ergodic theorem, //(X^) = for all /i £ Mf(X). The following lemma 
describes conditions equivalent to X v being non-empty. 

Lemma 1.9. When f has specification, the following are equivalent: 

(a) X v is non-empty; 

(b) \S n ip does not converge pointwise to a constant; 

(c) inf MeM/(x) f<pdn < su PfieMf{x) f tpdfi; 

(d) ini^ M e {x) f (pd/J, < sup^ eA/( e (x) f yd\i; 

(e)vtU c mCob(XJ,c); 

(f) ~Sn i P does not converge uniformly to a constant. 

The argument for (c) <^=^ (e) <^=^ (f) was given to the author by 
Peter Walters and is sketched here. In fact, no assumption on / other 
than continuity is required except to prove that (a) is implied by the other 
properties. 

Proof of lemma \1.9l We show the contrapositive of (e) =^» (f). Suppose 
— S n ip converges uniformly to c. Define for n € N 

1 n— 1 

K{x) = -Y,{n-iMr 1 x). 
n ^-^ 

i=l 



6 DAN THOMPSON, UNIVERSITY OF WARWICK 

We can verify that <p — -S n <p = h n — h n o f and it follows that <p G 
Cob(X,f,c). The contrapositive of (c) =4> (e) is straight forward. Now 
we prove (f) =>■ (c). Let fi\ G Mf(X) and let c := J <pd\X\. From (f), there 
exists e > and sequences n^ — > oo and x^ G X such that 

| — S nh ip{x k ) -c\> e. 

Let Vk = ^x fe ,n fc and let /i2 be a limit point of the sequence v^. Then ^ S 
.A/f y(X) and J" y?d//2 7^ c, so we are done. 

The contrapositive of (a) =4> (f) is clearly true and (b) => (f) is trivial. 
We use an ergodic decomposition argument for (c) =>■ (d). For (d) =4> (b), 
we take fii,[i2 G -M e f(X) such that f (pdfii < J ifd/j.2- We can find xi such 
that ^S n ip(xi) — > J" y>d/ij for i = 1, 2 and we are done. 

Direct proof of (c) =4> (a) using the specification property is possible, 
however it is a corollary of our main theorem so we omit the proof. □ 

We mention briefly the complement of the irregular set. For a € I, we 
define 

X^ a = \ x G X : lim — S n ip(x) = a > . 
[ n— >oo n J 

We define the multifractal spectrum for 99 to be C v := {a G R : X V)a ^ 0}. 
When / has the specification property, C^ is a non-empty bounded interval 
[18] and C v = {J ipdfi : \x G _M/(X)}. We omit the proof, since we are not 
focusing our attention on C v . 

We deduce that for maps with specification, the conditions of lemma [L9l 
are equivalent to the non-empty bounded interval of values taken by C v not 
being equal to a single point. 

2. Results 

We state our results and introduce the key technical tools of the proof. 

Theorem 2.1. Let (X,d) be a compact metric space and f : X 1— ► X be 
a continuous map with the specification property. Assume that cp G C(X) 
satisfies inf^g^ ( X ) f pdfi < sup„ e j^ r X ) f pdfi. Let X^ be the irregular set 
for <p defined as in J2]), then P% (ip) = Pg assic (i/j) for all ip G C(X). 

We remark that lemma [L9l provides us with other natural interpretations 
of the assumption inf^g^ (x) J ipdfi < sup„ 6 ^ on J fdfx. We state the 
assumption in this way because it is natural for the method of proof. If our 
assumption fails, then X v = 0. 

In fact, we prove a slightly stronger version of the theorem. 

Theorem 2.2. Let (X, d) be a compact metric space, f : X 1— ► X be a 
continuous map and X' C X be f -invariant. Assume f satisfies the specifi- 
cation property on X' . Assume that ip G C(X) satisfies i&£u£Mf(X') J fdji < 



THE IRREGULAR SET HAS FULL TOPOLOGICAL PRESSURE 7 

su PneMt(X') I tpd/j,. Let X v be the irregular set for ip defined as in {7J), then 
for all i\) e C{X), 

Px v (ip) > sup lhp+ J ^dfi : n G M f (X') 1 . 

If sup {h^ + fi/tdii-./ie M f {X')} = P% assic (iP), then we have P$ (ip) = 

pclassic/„i.\ 

If Mf(X') is dense in Mf(X), we need only assume inf^g^f (x) J pdfi < 
su P[i£M f (X) I tpdfj,. We adapt an ingenious method of Takens and Verbitskiy, 
which can be found in §5 of [H] and was in turn developed from a large 
deviations proof of Young [20]. The key ingredients for the Takens and 
Verbitskiy proof are an application of the Entropy Distribution Principle 
|18j and Katok's formula for measure-theoretic entropy [10]. We are required 
to generalise both. We offer two generalisations of the Entropy Distribution 
Principle. While the first offers a more straight forward generalisation, we 
will use the second as it offers us a short cut in the proof later on. We prove 
only the second, as the proof of the first is similar. 

Proposition 2.3 (Pressure distribution principle). Let f : X i— > X be a 
continuous transformation. Let Z C X be an arbitrary Borel set. Suppose 
there exists a constant s > such that for sufficiently small e > one 
can find a Borel probability measure fj, e and a constant K(e) > satisfying 
He{Z) > and fJ, e (B n (x,e)) < K(e)exp{—ns + ^2^~ ^(f l x)} for sufficiently 
large n and every ball B n (x,e) which has non-empty intersection with Z. 
Then P z (ip) > s. 

Proposition 2.4 (Generalised pressure distribution principle). Let /:Xh 
X be a continuous transformation. Let Z C X be an arbitrary Borel set. 
Suppose there exists e > and s > such that one can find a sequence of 
Borel probability measures //&, a constant K > 0, and a limit measure v of 
the sequence //& satisfying v{Z~) > such that 



limsup//fc(i? n (x, e)) < K exp{— ns + \^ VK/ 1 ^)} 



for sufficiently large n and every ball B n (x,e) which has non-empty inter- 
section with Z. Then Pz(ip,e) > s. 

Proof. Choose e > and measure v satisfying the conditions of the theorem. 
Let T = {B ni (xi,e)}i cover Z with all ni sufficiently large. We may assume 
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that B ni (xi, e) n Z ^ for every i. Then 

( Tli-l \ 

Q(Z,s,T,i>) = ^exp<^- S n J+ sup £ ^{f\y)) \ 
i { yeB ni ( Xi ,e) k=0 J 

i I fc=0 J 

> J\" _1 ^limsup/u fe (B n (xi,e)) 

fc— >oo 

> K~ 1 Y,^(B n (x l ,e))>K~ 1 u(Z)>0 

i 
So M(Z, s, e, V 1 ) > and thus P Z (V>, e) > s. D 

The following result generalises Katok's formula for measure-theoretic 
entropy. In [13] , Mendoza gave a proof based on ideas from the Misiurewicz 
proof of the variational principle. Although he states the result under the 
assumption that / is a homeomorphism, his proof works for / continuous. 

Proposition 2.5. Let (X, d) be a compact metric space, /:Xh1 be a 
continuous map and \x be an ergodic invariant measure. For e > 0, 7 G (0, 1) 
and ip G C(X), define 

iV^(V,7,e,n)=inf|^exp|^V(/^, 
[xes U=o 

where the infimum is taken over all sets S which (n, e) span some set Z with 
n(Z) > 1 — 7. We have 

f 1 

h^ + / ipdu = limliminf — logN^Otp, 7, e,n). 

J e^O n— >oo re 

The formula remains true if we replace the liminf by limsup. 



We now begin the proof of theorem 12.21 For the sake of clarity, it will be 
convenient to give the proof under a certain additional hypothesis, which we 
will later explain how to remove. 

Theorem 2.6. Let us assume the hypotheses of theorem \2.2\ and fix ip £ 
C(X). Let 

C := sup <hfj,+ ipdf/, : \x € M f (X') > . 

Let us assume further that P^ assic [ip) is finite and for all 7 > 0, there exist 
ergodic measures /Ui,//2 S Mf(X') which satisfy 

(!) hm + I ^i >C - 7 fori = 1,2, 

(2) JtpdfjLi / f(fdn2- 
Then Py (tjj) > C. If C = Pj^ sic (^/>), for example when X' = X , then 

P~ (^) =pg assic (tjj). 
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The assumption that Pj^ s * c (-0) is finite is trivial to remove and is in- 
cluded only for notational convenience. Given a result from [7], we give a 
short proof that the hypotheses of theorem 12.11 imply those of theorem 12.61 
when the map fi — ► hu is upper semi-continuous. We explain how to modify 
the proof of theorem 12.61 to obtain a self contained proof of theorem 12.21 in 

MM 



Proof of theorem \2.1[ Let \i\ be ergodic and satisfy /i m + f tpd^i > C — 7/3, 
Let v € A4f(X) satisfy J ipd(X\ 7^ J <pdv. Let v' = tfi\ + (1 — t)v where 
t G (0, 1) is chosen sufficiently close to 1 so that h u > + J ^dv' > C — 27/3. 
By theorem B of [7], when / has the specification property and the map 
H — > h^ is upper semi-continuous, we can find a sequence of ergodic measures 
v n € Aif(X) such that h Un — ► h v > and z/ n — > z/ in the weak-* topology. 
Therefore, we can choose a measure belonging to this sequence which we 
call \i2 which satisfies h^ 2 + f ipd^ > C — 7 and f tpd[i\ ^ J (pd(i2- D 

3. Proof of the main theorem 12.61 

Let us fix a small 7 > 0, and take the measures ^1 and ^2 provided by 
our hypothesis. Choose 5 > sufficiently small so 



tpd/ii — / (^(i/i 



>4<5. 



Let p : N 1— > {1,2} be given by p{k) = 1 + k (modi). Choose a strictly 
decreasing sequence 5k —>■ with <5i < <5 and a strictly increasing sequence 
Ik — > 00 so the set 

(3) Y k := <x £ X' : -S n ip(x) - / <pdfi p ( k ) < 5 k for all n > l k \ 

satisfies (ip( k )(Y k ) > 1 — 7 for every k. This is possible by Birkhoff's ergodic 
theorem. 

The following lemma follows readily from proposition 12.51 



Lemma 3.1. For any sufficiently small e > 0, we can find a sequence n k — ► 
00 and a countable collection of finite sets S k so that each S k is an (n k ,4e) 

separated set for Y k and M k := J2 xeS exp I XT=o~ V'(/* ;E ) f satisfies 

M k > exp(n fc (C - 4 7 )). 

Furthermore, the sequence n k can be chosen so that n k > l k and n k > 2 mfe , 
where m k = m(e/2 ) is as in deflnition \1.8\ of the specification property. 

Proof. By proposition 12.51 let us choose e sufficiently small so 

lim inf - log N 1 * (%f>, 7, 4e, n) > hu- + \ ipdu,i - 7 > C - 27 for i = 1, 2. 

n^oo n J 
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For A C X, let 

Q n {A, ip, e) = inf < N^ exp < N^ i/j(f x) > : S is (n, e) spanning set for A > , 
[xes U=o J J 

P n (A, i/?, e) = sup < y, ex P ^ /. VK/ x) > : 5 is (n, e) separated set for A > . 

Ues U=o J J 

We have Q n (A,i/j,e) < P n (A,ip,e) and since /j, p ^(Yk) > 1 — 7 for every k, 
it is immediate that 

Let M(k,n) = P n (Yk,tp,ie). For each fc, we obtain 

lim inf- log M(k,n) > liminf - log iV^*) (-0,7,46, n) > C - 27. 

ro— >oo Tl n— >oo n 

We may now choose a sequence n^ — ► 00 satisfying the hypotheses of the 
lemma so 

— logM(A;,n fc ) > C - 37. 

Now for eack k, let 5^ be a choice of (n/c,4e) separated set for Y k which 
satisfies 

n-l 

nk) 



4log|Ee X p(g W <x)JJ>i-logM(*, 

Let M fe := £ x65h exp JE"^ 1 W x )ji then 

— log M fc > — log M(k, n k ) - 7 > C - 4 7 . 
n k n k 

We rearrange to obtain the desired result. □ 

We choose e sufficiently small so that Var(ip, 2e) < 7 and Var((p, 2e) < 5, 
and fix all the ingredients provided by lemma l3~Tl 

Our strategy is to construct a certain fractal F C X^, on which we can 
define a sequence of measures suitable for an application of the generalised 
pressure distribution principle. 

3.1. Construction of the fractal F. We begin by constructing two inter- 
mediate families of finite sets. The first such family we denote by {C k }ke^ 
and consists of points which shadow a very large number N k of points from 
Sk- The second family we denote by {Tk}keN and consist of points which 
shadow points (taken in order) from C\,C2, ■ ■ ■ , Cfc. We choose N k to grow 
to infinity very quickly, so the ergodic average of a point in T k is close to 
the corresponding point in C k . 
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3.1.1. Construction of the intermediate sets {Ck}keN- Let us choose a se- 
quence Nk which increases to oo sufficiently quickly so that 

,., ,. n k+1 + m k+1 Ni(m + mi ) + ...+ N k (n k + m k ) 

(4) hm — = 0, hm — = 0. 

k— >oo JN k k— >oo l\k+l 

We enumerate the points in the sets Sk provided by lemma 13.11 and write 
them as follows 

S k = {x k l :i = 1,2,..., #S k }. 

Let us make a choice of k and consider the set of words of length N k with 
entries in {1,2, . . . , #S k }. Each such word i = (i\, . . . ,iN k ) represents a 
point in S k k . Using the specification property, we can choose a point y := 
y(i±, ■ ■ ■ , %N k ) which satisfies 

d nk ( X *.,tiy)<± 

for all j G {1, . . . , Nk} where a,j = (j — l)(n k + rn k ). (i.e. y shadows each of 
the points x k . in order for length n k and gap m k .) We define 

C k = {y(k, ...,i Nk )€X: (h, ...,i Nk )£{l,..., #S k } Nk } . 

Let Ck = N k n k + (N k — l)m k . Then Ck is the amount of time for which the 
orbit of points in Ck has been prescribed. It is a corollary of the following 
lemma that distinct sequences (i\, . . . , ij^ k ) give rise to distinct points in C k . 
Thus the cardinality of C k , which we shall denote by #C k , is #S k k . 

Lemma 3.2. Let i and j be distinct words in {1, 2, . . . M k } Nh . Then y\ : = 
y{%) and y 2 := y(j) are (c k ,3e) separated points (ie. d Ck (yi,y2) > 3e). 

Proof. Since ij^j, there exists / so ii ^ ji. We have 

dn k {x k k ,f ai yi) < ^,d nk (x k k J ai y 2 ) < ^ and d nk (x k v x^) > 4e. 
Combining these inequalities, we have 

d Ck (yi,y 2 ) > d nk (r yi ,f a <y 2 ) 

> d nk {x k v x k n )-d nk (x k v r yi )-d nk (x k v ry 2 ) 

> 4e - e/2 - e/2 = 3e. 

□ 

3.1.2. Construction of the intermediate sets {Tk}keN- We use the specifi- 
cation property to construct points whose orbits shadow points (taken in 
order) from C\ , C 2 , . . . , C k . Formally, we define Tk inductively. Let T\ = C\ . 
We construct T k+ \ from T k as follows. Let x € T k and y € Ck+i- Let 
t\ = c\ and tk+i = tk + rrik+i + c k +\- Using specification, we can find a 
point z := z{x,y) which satisfies 

**(*,*) < ^T and d Ck+1 (yJ tk+m ^z) < ^L. 
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Define Tk+± = {z(x,y) : x G Tk,y G Cfc+i}- Note that tk is the amount of 
time for which the orbit of points in 7^ has been prescribed. Once again, 
points constructed in this way are distinct. So we have 

#7 fc = #C 1 ...#C fc = #Sf 1 ...#Sf fc . 
This fact is a corollary of the following straight forward lemma: 
Lemma 3.3. For every x G 7^ and distinct yi,y 2 G Cfc+i 

dt k (z(x,yi),z(x,y 2 )) < -^ and d tk+1 (z(x,y 1 ),z(x,y 2 )) > 2e. 
Thus Tk is a (tk,2e) separated set. In particular, if z,z' G 7^, £/ien 

H ifc (z,^)n/I ifc (z',^) = 0. 

Proof. Let p := z(x, y{) and q := z(x,y 2 ). The first inequality is trivial since 
by construction, d tk (x,Zi) < e/2 h+1 for i = 1,2. 

Using lemma [372l we obtain the second inequality as follows: 

d tk+1 (p,q) > 4 fe+1 (/ 4fe+mfc+1 P,/ tfe+mfc+1 ( ?) 

> d Ck+1 ( yi ,y 2 ) -d Ck+1 ( yi J tk+mk+1 P) -d Ck+1 (y2,f tk+mk+1 q) 

> 3e - e/2 - e/2 = 2e. 

The third statement is a straightforward consequence of the second. □ 

Following the terminology of Takens and Verbitskiy, we say z G %. + i 
descends from x G T k if z = z(x, y) for some y G Ck+\- 

Lemma 3.4. If z £ T^+i descends from x £ T k then 

Bt.+A^^CBtJx,^). 

Proof. Let z' G B tk+1 (z, ^). Then 

d tk (z', x) < d tk+1 (z', z) + d tk (z, x) 

< e/2 k + e/2 k+1 <e/2 k ~\ 

□ 

3.1.3. Construction of the fractal F and a special sequence of measures //&. 
Let Fk = UxgT Bt k (x, oF=t)- By lemmaEHl -Ffc+i C -Ffc. Since we have a de- 
creasing sequence of connected compact sets, the intersection F = C\ k F^ is 
non-empty. Further, every point p G F can be uniquely represented by a se- 
quence p = {P V P 2 ,P_ V ) where each p. = (p\, . . . ,p l N .) G {1,2,... Mi} Ni . 

Each point in 7^ can be uniquely represented by a finite word (p , . . .p ). 
We introduce some useful notation to help us see this. Let y(p.) G Cj 
be defined as in 13.1.11 Let z\{p) = y{pS) and proceeding inductively, let 
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Zi + i(p) = z(zi(p),y(p )) G % + i be defined as in 13.1.21 We can also write 
Zi(p) as z(p , . . . ,p.). Then define p := irp by 

p=f]B u (z l (p),^ I ). 

It is clear from our construction that we can uniquely represent every point 
in F in this way. 

Lemma 3.5. Given z = z(p , . . . ,p ) G T/., we have for all i G {1, . . . , k} 

and all I G {1, . . . , Ni}, 

d ni {^J U - 1+mt - 1+{l ~ l){mi+ni) z) < 2e. 

Proof. We fix i G {1, . . . , k} and / G {1, . . . , Ni}. For m G {1, . . . , k - 1}, let 

z m = z(p v . . . ,p m ) G T m . Let a = t»_i + mj_i and b = (I - l)(m; + n*). 
Then 

We have, by construction, 
We have, by construction, 



^(*; r A(P 4 ))<f 



f^,/^ ~\ fo+6, * 



^(A(p,),/ a+ ^)<d Ci (y(p.),/^)< 



We have 

d ni (f a+b Zi, f a+h z) < d u {zi, z) < d u {zi, zt+i) + ... + d u (z k -i, z) 

e e e 

< 2 i+1 2 i+2 2*' 

Combining the inequalities, we obtain d ni (f a+b z,x l t ) < J2 m=i i§k + ^tt < 
2e, as required. □ 

We now define the measures on F which yield the required estimates for 
the Pressure Distribution Principle. For each z £ Tj., we associate a number 
C{z) G (0, oo). Using these mumbers as weights, we define, for each k, an 
atomic measure centred on 7^. Precisely, if z = z(p , . . .p ), we define 

£(*):=/%).../%), 
where if p. = (pj, . . . ,p%.) G {1, . . . , #Si} Ni , then 

We define 

^fe := Yl S z£{z)- 

zeT k 
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We normalise v\~ to obtain a sequence of probability measures //&■ More 
precisely, we let \i k := — u k , where k& is the normalising constant 

Kfc := E AfcO). 
z eT fe 

Lemma 3.6. K fe = M* 1 . . . M* k . 
Proof. We note that 

E £ fe) = X] eXp ^ni^^p, 1 ) • • • E eXp ^^(^ ) 

p.e{i,...,#Si} N i P \=i p%=i 

= Mf 

By the definition and since each z £ 7^ corresponds uniquely to a sequence 
(Pi>-">£fc)> we have 

E £ ^)= E ■•• E a^)...^). 

^eT fc ^efi,...,^!}^ Efc e{i,...,#5 fc } w * 

The result follows. □ 

Lemma 3.7. Suppose v is a limit measure of the sequence of probability 
measures fi k - Then v(F) = 1. 

Proof. Suppose v is a limit measure of the sequence of probability measures 
/ifc. Then v = lim^oo \i\ k for some Ik — ► oo. For any fixed / and all p > 0, 
M+p{Fl) = 1 since ijh +p {f 1+p ) = 1 and F i+p C Fj. Therefore, i/(Fj) > 
limsup^^oo fn (Fi) = 1. It follows that ^(F) = lim;^ 00 ^(F;) = 1. □ 

In fact, the measures \x k converge. However, by using the generalised 
pressure distribution principle, we do not need to use this fact and so we 
omit the proof (which goes like lemma 5.4 of |18j). 

We verify that Fcl v . 

Lemma 3.8. For any p € F, the sequence — X^Lo l -P{f l (p)) diverges. 

Proof. Let us choose a point p £ F. Using the notation of 13.1.31 let y k '■= 

y(p,) and z k = z k {p). We first show that 



(5) 



—SckfiVk) ~ \ <fdn p ( k ) 

C-k J 



0. 



We rely on the fact that Var(y>, c) — ► as c — > and that 

(6) lim !***=!, lim ™ fc(JV * = 1} = and lim 5 fc = 0. 

fc— >oo Cfc fc— >oo Cfc fc— >oo 
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l r , 



The first two limits follow from the assumption that n k > 2 mfc . Let aj 
(j - l)(n k + m k ). We have 

< 



S Ck <-p(yk) -c k fd^^k) 



^2SnMf a3 yk) -c k <pdn p{k ) 



3=1 

+ m k {N k -l)\\ip 



< 



N k N k 

3=1 3=1 



+ 



^ 5„ h p(a:£.) - c fc / ¥?dM/»(fc) 



3=1 

+ m fc (iV fc -l)||v9 



N k 

<Y,\s n Mf ai Vk)-s nk ^ 

3=1 



iVfc 



£ 

3=1 



Sn^X^-Uk I ipdll p(k) 

+ m k (N k -l){\\ip\\+ [<pdfi p{k) } 



< n k Nk{\ai(ip, e/2 k ) + 5 k } + m k (N k - l){\\<p\\ + f ipd/i^k)}- 

We have used the fact d nk (x k ., f aj yk) < e/2 fc in the last line. The statement 
of ((5|) follows from this and (J6j). 

Let p' = f l k~ c kp anc i z ' k = f tk ~ Ck Zk- Using dt k (p, z k ) < e/2 fe_1 , we have 

d Ck (p',yk) < d Ck (p',z k ) + d Ck (z k ,y k ) 
< e/2 k - 1 + e/2 k <e/2 k ~ 2 . 
Using this and ([5]), we obtain 



(7) 



ScMp') - / ^Mp(fc) 



<Vax(<p,e/2 k -' i ). 



The final ingredient we require is to show that 



(8) 



—StMp) — s Ck <p(j/) 

tk Ck 



0. 



From the assumptions of (J2|), we can verify that c k /t k — ► 1. Thus for arbi- 
trary 7 > and sufficiently large k, we have \c k /t k — 1| < 7. We have 



i-St k ip(p) - 

tk 


- —ScMp') 

Ck 


= 


T s t k -c 
tk 






< 


tk — Ck 
tk 



r s t k -cMp) + — S Ck ip(p) ( 
■k c k \ 



Ck 

tk 



1 



\<p\\ +j—S Ck ip{p') 
c k 



< W\v>\\ 

Since 7 was arbitrary, we have verified (|8j) . Using ([7]) and (jHJ) , it follows that 
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For an affirmative answer to theorem 12.61 we give a sequence of lemmas 
which will allow us to apply the generalised pressure distribution principle. 
Let B := B n (q,e/2) be an arbitrary ball which intersects F. Let k be the 
unique number which satisfies t k < n < t k +i- Let j G {0, . . . , N k+ i — 1} be 
the unique number so 

t k + (njfe+i + m k+1 )j <n <t k + (n k+1 + rn k+1 )(j + 1). 

We assume that j > 1 and leave the details of the simpler case j = to the 
reader. 

Lemma 3.9. Suppose fx k +i(B) > 0, then there exists (a unique choice of) 
x G T k and i\, . . . , ij G {1, . . . , #Sfc+i} satisfying 

i 

k+l\i\ / f N k+i-3 



u k+1 (B) < £(x)nex P 5 nfc+1 V(xS +1 )M j 



fc+i 



i=i 



Proof. If tik+i{B) > 0, then T k+1 n B ^ 0. Let z = z(x, y) G T k+1 n B where 
x eT k and y = y(i 1; . . . , iN k+1 ) G C fe+ i. Let 

Arjii,...,^ = {^Oe, 2/(^1, •••JiV fc+1 )) G T fc+ i :l 1 =i 1 ,...,l j = ij}. 

Suppose that z(x',y(V)) G 0. Since 7^. is (tfe,2e) separated and n > t k , 
x = x' . For I G {1, 2, . . . , j}, we have 

dn fc+1 (/ ifc+( '- 1)(nfe+1+mfc+l) g,4 +1 ) < 2e. 

Since x^ -1 " G S k+ \ and 5fc+i is (n k+ i,4e) separated, it follows that l\ = 
il, . . . , Ij = ij. Thus, if z G T k+ i n B, then z G A <c - t i lr .. ) i j . Hence, 

j Nk + x #Sk+i 

= C^HexpS^M^ 1 ) II E expS nfc+1 ^(xf p +1 ), 
l=i v=j+i i P =i 

whence the required result. □ 

Lemma 3.10. Let x G T k and i\, . . . ,ij be as before. Then 

j 
C{x) H exp S nfc+1 V(4 +1 ) < exp{5 n V(g) + In Varty, 2e) 
i=i 

k 

+ \\tjj\\(^2 NjiTii + jmk+i)}. 

i=l 

Proof. We write x = x(p , . . ■ £>,)• Lemma [331 tells us that 
d„,(/ ti - 1+mi - 1+ ^- 1 ^ mi+ni )a;,a;^) < 2e 
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for all i € {1, ... , k} and all / € {1, ... , iVj} and it follows that 

k 

C(x) < exp{S tk ip(x) +t k Var(iP,2e) +J2U\\ N i m i}- 

i=i 

Similarly, 

j 

JJexp 5« h+1 ^(xJ +1 ) < exp{S n - tk ^(z) + (n-t k )Var(ij,^ T ) + \\ij\\jm k+1 }. 
1=1 

We obtain the result from these two inequalities and that d n (z, q) < 2e and 
d tk (x,q)<2e. □ 

The proof of the following lemma is similar to that of lemma 13.91 

Lemma 3.11. For any p > 1, suppose fi k + p (B) > 0. Let x £ T k and 
ii, . . . ,ij be as before. Then every z E T k+p n B descends from some point 
in Ax;i-i,...,ij- We have 

v k+p (B) < £(x)f[expS nk+1 ^x^)M^M^ . . . M^. 
i=i 
Lemma 3.12. 



MfeH 



,(B) < ^exp J S n ^{q) +2nVar(iP,2e) + ||^||(V i^m; + jm fe+1 ) I . 

K kM J k+1 I i=1 J 



Proof. Using lemma [3. 101 it follows from lemma [3. Ill that 

Vk+p(B) < M^- j . . . M^ p eMSn^(q) + 2nVar(i(j, 2e) 

k 
+ W^WiJ^Nimi + jmk+i)}. 

i=l 

Since fi k+p = -^—u k+p and K k+P = KkM^ 1 . . . M k ^ p , the result follows. 

□ 

Lemma 3.13. For sufficiently large n, K k M k+1 > exp((C — b^)n) 
Proof. Recall that by construction M k > exp((C — A^)n k ). We have 
n k Mi +1 = M^...M^Ml +l 

> exp{(C - 4rf)(Nim + N 2 n 2 + ... + N k n k + jn k+1 )} 

> exp{(C - 57)(JVi(ni + mi) + N 2 (n 2 + m 2 ) + . • • 
+N k (n k + m k ) +j{n k+1 + m k+1 )} 

= exp{(C- 5j)(t k + m l +j(n k+1 + m k+1 )} > exp{(C - 5-/)n}. 

Our arrival at the third line may require some explanation. Morally, we 
are able to add in the extra terms with an arbitrarily small change to the 
constant s because n k is much larger than m k . The reader may wish to 
verify this. □ 
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Lemma 3.14. For sufficiently large n, 



n-l 



lim sup fi k (B n {q, -)) < exp{-n(C - 2Var(^, 2e) - 67) + J>(A)}. 



k— »oo 



j=0 



Proof. By lemmas 13.121 and 13.131 for sufficiently large n and any p > 1 , 



l^k+p 



1 f fc 

(B) < — exp^ n ,V'(g) + 2ny+||^||(^iV i m i +jm fc+1 ^ 



K fc MZ 



A-+1 



i=l 



1 



< —exp {5^(^ + 71(21/ + 7))} 

< exp{-n(C-6 7 -2y)) + 5 n ^(g)}, 

where V = Var(i/>, 2e). Our arrival at the second line is because n& is much 
larger than m^. □ 

Applying the Generalised Pressure Distribution Principle, we have 
Pf(4>, e) > C - 2Var(V>, 2e) - 67. 
Recall that e was chosen sufficiently small so Var(-*/>, 2e) < 7. It follows that 

P^(^e)>Pp(^e)>C-87. 
Since 7 and e were arbitrary, the proof of theorem 12.61 is complete. 

3.2. Modification of the construction to obtain theorem [2.21 Let us 

fix a small 7 > 0. Let [i\ be ergodic and satisfy /i M1 +J tpdfXi > C — 7/2. Let 
v G M.% (X') satisfy f ipdfii ^ j ipdv. Let ^2 = ti^i + £2^ where t\ + fe = 1 
and £1 G (0, 1) is chosen sufficiently close to 1 so that h^ 2 + f if)dfi2 > C — 7. 
Choose 5 > sufficiently small so 



ipdfj-j 



(pdfi^ 



> 



Choose a strictly decreasing sequence 5k — > with <5i < 5. For k odd, we 
proceed as before, choosing a strictly increasing sequence lj- — ► 00 so the set 



y fc := <^ x S X' : 



-S n ip(x) - / </?e^i 
n J 



< 5k for all n > lh 



satisfies /xi(Yfc) > 1 — 7 for every k. For fc even, we define Y& 1 := V/c-i and 
find /fc > Zfc 1 so that each of the sets 



Yl 



k:2 



X(£X' 



-S n ip(x) - I ipdv 
n 



< 5^ for all n > Ik 



satisfies viYk^) > 1 — 7- The proof of the following lemma is similar to that 
of lemma 13.11 
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Lemma 3.15. For any sufficiently small e > and k even, we can find 
a sequence n k — > oo so [fifth] > h for i = 1,2 and sets S l k so that S l k is 

a (fon fc ],4e) separated set for Y k%i with M l k := Ylxesi ex P {X^o 1 4>U Jx )\ 
satisfying 

Ml > exp([tin fc ](/i w + / V^i - 4 7 )), 



Mi > exp([t 2 n k ](h u + / i>dv- 4 7 )). 

Furthermore, the sequence h k can be chosen so that ft k > 2 mfc where m k = 
m(e/2 ) is as in the definition of specification. 

We now use the specification property to define the set S k as follows. For 
i = 1,2, let yi € S l k and define x = x(yi,y 2 ) to be a choice of point which 
satisfies 

d[ tl n k ](yi,x) < |r and d Mh] (y 2 , f^+ m «x) < ± 

Let S k be the set of all points constructed in this way. Let n k = \t\ftk\ + 
\t 2 n k ] + rfl k- Then n k is the amount of time for which the orbit of points 
in S k has been prescribed and we have n k /n k — > 1. We note that S k is 
(n fc ,4e) separated and so #S k = #5^#5|. Let M k = M\M\. Given our 
new construction of S k , the rest of our constuction goes through unchanged. 

3.3. Modification to the proof. For every x € S k , 

\S nk (f(x) -n k ipdfi 2 \ < \S[ tlflk ](p(x) - [hftk] / <pdm\ + m k \\ip\\ 

+ \S [t2hk] v{f [tink]+mk x) - [t 2 ft k ] J <pd»\ 

It follows that \^-S nk ip(x) — f ipdfi 2 \ - » 0. This observation allows us to 
modify the proof of lemma 13.81 and ensures that our construction still gives 
rise to points in X v . We have for sufficiently large n k , 



M k > exp{[tin fc ](/i Ml + / ifxifii - 4 7 ) + [t 2 n k }{h v + ipdv - 4 7 )} 

> exp{(l - 7)n fe (ti(/t Ml + / i/jdfn) + t 2 {K + / 4>dv) - 4 7 )} 

> exp(l - 7 ) 2 ?i fe (/i /i2 + / ipd[i 2 - 4 7 ) > exp(l - j) 2 n k (C - 5 7 ). 

Since 7 was arbitrary, this observation allows us to modify the estimates in 
lemma [3. 131 to cover this more general construction. 
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4. Examples 

4.1. Standard examples. We recall that any factor of a topologically mix- 
ing shift of finite type has the specification property and thus our result 
applies. Bowen's specification theorem tells us that a compact locally maxi- 
mal hyperbolic set of a topologically mixing diffeomorphism / has the Bowen 
specification property. In particular, our result applies to topologically mix- 
ing Anosov diffeomorphisms (which include any Anosov diffeomorphism of 
a compact connected manifold whose wandering set is empty). 

4.2. The Manneville-Pomeau family of maps. Let I = [0, 1]. The MP 

family of maps, parametrised by a £ (0, 1) are given by 

f a : I >-*■ I, f a (x) = x + x l+a mod 1. 

Considered as a map of S , f a is continuous. Since /4(0) = 1, the system is 
not uniformly hyperbolic and thus the results of [3] do not apply. However, 
since the MP maps are all topologically conjugate to a full shift on two 
symbols, they satisfy the specification property and thus theorem l2.2l applies. 

4.3. Beyond Symbolic Dynamics. As remarked in the introduction, by 
the Blokh theorem, any topologically mixing interval map satisfies specifi- 
cation. For example, Jakobson [9] showed that for a set of parameter values 
of positive Lebesgue measure in [0,4], the logistic map f\(x) = Xx(l — x) is 
topologically mixing. 

Lind [12] showed that a quasi-hyperbolic toral automorphism satisfies 
specification but not Bowen specification iff the matrix representation of 
the automorphism in Jordan normal form admits no l's off the diagonal in 
the central direction. Such maps cannot be factors of topologically mixing 
shifts of finite type or they would inherit the Bowen specification property. 

Theorems 17.6.2 and 18.3.6 of [TT] ensure that the geodesic flow of any 
compact connected Riemannian manifold of negative sectional curvature 
is topologically mixing and Anosov. The specification theorem for flows 
(proved in [5]) ensures that such a flow has the specification property 18.3.13 
of [H]. It is easy to see that the time-i map of a flow with the specification 
property satisfies our specification property 11.51 We conclude that our re- 
sults apply to the time-t map of the geodesic flow of any compact connected 
Riemannian manifold of negative sectional curvature. 

5. Application to Suspension Flows 

We apply our main result to suspension flows. Let / : X i— > X be a 
homeomorphism of a compact metric space (X, d) . We consider a continuous 
roof function p : X \— > (0, oo). We define the suspension space to be 

X p = {(x, s)eXxR:0<s< p(x)}, 

where (x,p(x)) is identified with (/(x),0) for all x. Alternatively, we can 
define X p to be X x [0, oo), quotiented by the equivalence relation (x,t) ~ 
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(y, s) iff (x, t) = (y, s) or there exists n G N so (f n x, t— Ya=q p{P x )) = {Vi s ) 
or (f~ n x, t + X^ILi p(f~ tx )) = (y, s )- Let tt denote the quotient map from 
X x [0, oo) to X p . We extend the domain of definition of ir to X x (— inf p, oo) 
by identifying points of the form (y,—t) with (f~ 1 y, p(y)—t) fort € (0,inf p). 
We write (x, s) in place of n(x, s) when inf/) < s < p(x).We define the flow 
* = {g t } on X p by 

gt(x,s) = ir(x,s + t). 
To a function <& : X p t— > R, we associate the function ip : X i— > R by 

<p(x) = J P $(x,t)(it. Since the roof function is continuous, when <£ is 
continuous, so is (p. For p G .M/(X), we define the measure p p by 



<&dji p = I ipdp/ / pdfj, 



'x P 

for all $ G C(Xp), where 93 is defined as above. We have \&-invariance of 
Up (ie. p(g^~ A) = m(^) f° r all t > and measurable sets j4). The map 
1Z : A4f(X) 1— ► A4^(X p ) given by p 1— > p p is a bijection. It is verified in [T2] 
that /i Pp = /i p / J pdp and hence, 

fttepC*) = SU P{^ : A* e AM^p)} = sup J -j-^- : /j G .M/PO I , 

where ht op {^) is the topological entropy of the flow. Abramov's theorem 
states that ht op {^) is the unique solution to the equation P^ assic (—sp) = 0. 
We use the notation ht op (Z,^>) for topological entropy of a non-compact 
subset Z C Xp with respect to ^ (defined below). We define 

1 f T 
X p = {(x,s) G Xp : lim — / Q(g t (x,s))dt does not exist }. 
T^oo T J 

By the ergodic theorem for flows, p(X p ) = for any p G Aiq?(X p ). Our 
main result on suspension flows is the following (the proof is at the end of 
the section). 

Theorem 5.1. Let (X,d) be a compact metric space and f : X 1— ► X 
be a homeomorphism with the specification property. Let p : X 1— ► (0, 00) 
be continuous. Let (Xp,^) be the corresponding suspension flow over X. 
Assume that <1> : X p 1— > R is continuous and satisfies '^p^M^ix ) / &dp < 
su P M eAMX p ) / ®dix. Then h top (X p , *) = h top {^). 

We remark that the flow $ may not satisfy specification itself. For exam- 
ple, when p is a constant fuction, $ is not even topologically mixing. 

5.1. Topological entropy for flows as a characteristic of dimension 
type. Let Z C X be an arbitrary Borel set, not necessarily compact or 
invariant. Let ^f = {ipt} be a flow on X. We consider finite and countable 
collections of the form T = {B ti (xi, e)}j, where U G (0, 00), xi G X and 

B t (x,e) = {y G X : d(tp s (x),i() s (y)) < e for all s G [0,t)}. 
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For a £ 1, we define the following quantities: 

Q(Z,a,T)= ^2 exp(-aii), 

B ti (xi,e)eT 

M(Z,a,e,T) = inf Q(Z,a,T), 

where the infimum is taken over all finite or countable collections of the 
form r = {Bt t (xi, e)}i with Xi & X such that T covers Z and U > T for all 
i = 1, 2, . . .. Define 

m(Z, a, e) = lim M(Z, a, e,T). 

T — >oo 

The existence of the limit is guaranteed since the function M(Z, a, e, T) does 
not decrease with T. By standard techniques, we can show the existence of 

hto P (Z, e) := inf{a : m(Z, a, e) = 0} = sup{a : m(Z, a, e) = oo}. 

Definition 5.2. The topological entropy of Z with respect to Vt is given by 

h top (Z^)= lim h t0 p(Z,e). 

n—>oo 

5.2. Properties of suspension flows. The following lemma is similar to 
one given in [2]. 

Lemma 5.3. Let (X, d) be a compact metric space and f : X \—> X be a 

homeomorphism. Let p : X i— > (0, oo) be continuous. Let (X p ,^f) be the 
corresponding suspension flow over X . Let <J> : X p \—* M be continuous and 

ip : X I— ► M be given by tp(x) = J* &(x,t)dt. We have 

hminfi f T Hgt(x,s))dt = limM^^l, 

i- 1 /"* ^/ / w , i. S n (p(x) 

lim sup— / $(gt{x,s))dt = lim sup— — — , 

T-»oo J JO n->oo O n p\X) 

X p = Ux,s) : lim — — -— does not exist,0 < s < p(x)\. 

ra— >oo b n p{X) 

Proof. Fix 7 > 0. Given T > 0, let n satisfy S n p{x) < T < S n+ ip(x). 
It follows that 1 — ^r- < n fp x ) < i. Assume T is sufficiently large that 
2T" 1 ||p||||$|| < 7. We note that 

fT "zi f p(f'x) 

/ $( 9t (a;, S ))dt < V/ $(/ l x,t)dt + 2y|||$|| 

JO .-_ n JO 



and so 



r-T 



i=0 

5 n¥ j(s) +2y|||$||, 



5 n p(x) S n ip{x) 2 



1 tL * Mx - s))it - '"?-££) + * wm 

< S w y(a:) 

~ S , „/9(z) 
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The result follows from this and a similar calculation for the opposite in- 
equality. □ 

As the lemma suggests, our result on X p will follow from a corresponding 
result about the set 

^ f S tp(x) 

(9) XUp^ p) := { x € X : lim n does not exist 

[ n.^oo b n p[x) 

Lemma 5.4. Under our assumptions, the following are equivalent: 
(a)X p ^<&; (b)X(tp, P )^$; 

(c) ivd^ Mv{Xp) J §dp < sup MeA ^ (Xp) / $d/x; 

(d) inf At6M/(x) / tpd/i/ J pdp < sup M6A1/(x) / tpd/i/ J pdp; 

(e) w£ lieM e( X ) J tpd/i/ J pdp < sup M€M e {x) J tpd/i/ J pdp; 

(f) S n ip/S n p does not converge (uniformly or pointwise) to a constant; 

(g) ^ J &(gt)dt does not converge (uniformly or pointwise) to a constant; 
Let tp T (x) := J $>(g t x)dt. 



(h) There exists T such that tpT ^ Ucgm Cob(X p ,gT, c), i.e tpx is not in 
the closure of the coboundaries for the time-T map of the flow; 
(i) For allT, ip T (/ \J ceR Cob(X p ,g T ,c). 

Proof. First we note that (d) •<=>- (e) -<=>- (f ) is similar to the proof of the 
analogous statements in lemma [L9l For (c) => (d), let pi,p2 £ M^iXp) 
satisfy J &dp\ < f Qdp2- Let Vi = lZ~ l pi for i = 1,2. By definition, 
f tpdvi/ J pdvi = f <&dpi for i = 1, 2 and so J tpdv\/ f pdv\ < f tpdv2J f pdv2- 
(d) =4> (c) is similar, (f) -<=>• (g) follows from lemma [5751 

We show (c) -<=>- (h) <^=^ (i). We define bijections 1Zt '■ M 9T (X p ) i-> 
M*{X p ) by 

/ $dn T (li) = 7f <PTd[i 

Jx p 1 Jx 

for all $ G C(X p ), where (Pt(x) := L &(gtx)dt. A similar argument to that 
of (c) -<=>- (d) and an appliction of lemma [L9l gives the desired results. 

(a) => (g), (b) =4> (f), (b) =4> (a) are trivial, (d) => (b) is a consequence of 
theorem 15.51 so we omit the proof. □ 



We remark that if tp € Cob(X, f,0) or tp — p £ Cob(X, f, 0), then S n tp/S n p 
converges uniformly to a constant and so X p = 0. 

5.3. A generalisation of the main theorem. To prove theorem l5.lt we 
require the following generalisation of theorem 12.11 



Theorem 5.5. Let (X, d) be a compact metric space and f : X i— > X be a 
continuous map with specification. Let tp, ip E C(X) and p : X \— ► (0, oo) be 
continuous with mf^j^fx) J (pdp/ J pdp < sup^g^ pn / (pdp/ J pdp. Let 

X(tp,p) be defined as in $). We have P$t M) = P| assic (# 
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Proof. We require only a small modification to the proof of theorem [221 We 
replace the family of sets defined at ([3]) by the following: 



Y k :=txeX: 



S n ip(x) f <pdn p (k) 



SnP(x) f pdp p{k) 



< 5k for all n > /fe 



chosen to satisfy p p (k)(Yk) > 1 — 7 for every k. This is possible by the ratio 
ergodic theorem. The rest of the proof requires only superficial modifica- 
tions. □ 

5.4. The relationship between entropy of a suspension flow and 
pressure in the base. The natural metric on X p is the Bowen- Walters 
metric. The appendix of [2] contains a study of dynamical balls taken with 
respect to this metric when the roof function is Holder. We assume only 
continuity of p. When p is non-constant, computations involving this metric 
are rather unwieldy, particularly when no regularity of the roof function is 
assumed. We sidestep this problem by making the following definitions. Let 
(x, s) 6 X p with < s < p(x). We define the horizontal segment of {x, s) to 
be {(y,t) : y € X, < t < p(y),t = p(y)sp(x)~ 1 } and the horizontal ball of 
radius e at (x, s) to be 

B H ({x, s), e) := {(y, -^P(v)) ■ (1 " ^y )d(x, y) + ^(fx, fy) < e}. 

We define 

B((x,s),e)= |J B H ((x,t),e), 

t:\s- t\<e 
T 

B T ((x,s),e) = f]g^ t B(g t (x,s),e). 

4=0 

We are abusing notation, since B((x, s), e) is not a ball in the Bowen- Walters 
metric. We can consider covers by sets of the form By((x, s),e) in the 
definition of topological pressure in place of covers consisting of dynamical 
balls. This is because one can verify that there exists constants C\, Ci > 
such that the metric ball of radius C\e at (x,s) is a subset of B((x,s),e), 
that a set of diameter e is contained in some set B((x, s), Cit) for sufficiently 
small e, that B((x,s),e) is open and as e — ► 0, diam({B((x, s), e) : (x,s) G 
X p }) — > 0. Diameter and topology are taken with respect to the Bowen- 
Walters metric. 

Lemma 5.6. Let (y, s) £lx(- inf p, oo) and suppose n(y, s) € B((x, 5), e), 
where \5\ < e < inf p/4. Then for e sufficiently small there exists n € N such 
that 

(y, s) ~ {f n y, s - S n p{y)), \s - S n <p(y)\ < Ke and d(x, f n y) < Ke, 

where K = 4||p||/inf p and Ke < inf p. 
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Proof. Suppose (y,s) E B H ((x,j),e) for some 7 with < I7I < 2e. Then 
s = 7 p(y) p{x)~ l . Therefore, s < 2e||p||/inf p. We have 

(1 --^-)d(x,y) + — n rd{fxjy) < e. 

p(x) p{x) 

Thus (1 — -7p-)d(x,y) < e. Rearranging, we have d(x,y) < ep(x)(p(x) — 

7) _1 < Ke. For — e < 7 < 0, we apply a similar argument. Now assume 
7r(y,s) £ B((x,5),e). Then ir(y,s) has a unique representation (y',s') with 
\s'\ < 2e and y' = f n y. We apply the previous argument to (y 1 , s'). □ 

Lemma 5.7. Suppose \s\ < e and S n p(x) <T< S n j r \p{x), then 

B T ((x,s),e) C B n (x,Ke)) x (-Ke,Ke). 

Proof. Let (y,t) € Bt({x, s), e), with |i| < ife. Then d(x,y) < Ke. Let 
U satisfy s + tj = Sip(x) for i = 1, . . . n. Then g ti (y,t) £ i?((/ l_1 x,0),e). 
Applying the previous lemma, we have d(f n y, f t ~ 1 x) < Ke for some n € N. 
Furthermore, we must have n = i — 1. Suppose not, then for some time 
r e [0, Sip(x)), g T (y,t) ^ B(g T (x,s),e), which is a contradiction. This 
implies that y £ B n (x,Ke). □ 

Theorem 5.8. £e£ (X, <i) 6e a compact metric space and f : X 1— > X be 
a homeomorphism. Let /):Ih (0, 00) be continuous. Let (X p ,^) be the 
corresponding suspension flow over X . For an arbitrary Borel set Z C X , 
define Z p := {(z,s) : z € Z, < s < p(s)}. Let (3 be the unique solution to 
the equation Pz(-tp) = 0. Then ht op (Z p ,^/) > [1. 

Proof. The function t — > Pz(-tp) is continuous and decreasing. Since 
-Pz(O) > 0, it follows that there exists a unique solution to the equation 
Pz(-tp) = 0. We assume P z (-[3<p) > and show h top (Z p , <£) > (3. Let e > 
be arbitrary and sufficiently small so lemma [57T1 applies and Pz(—P^p, e) > 0. 
Choose T = {B tt ((xi,Si),e)} covering Z p with ti > T. Take the subcover 
r" of r which covers Z x {0}, and assume without loss of generality that 
\si\ < e. Let nii be the unique number so S nH p(x) < U < S mi+ ip(x). 
Let m(T') = inf TTij obtained in this way. Then m(T') > \\p\\~ (T — \\p\\) 
and thus as T tends to infinity so does m(T'). Let T" = {B mi (xi, Ke)} : 
B k {(xi,Si),e) 6 T'}. By lemmaEZl B mi (xi, Ke) x(-Ke,Ke] (covers Zx{0} 
and if we assume e was chosen sufficiently small, then T" is a cover for Z. 

Q(Zx{0},P,V) > ^exp-PiS^pix^ + WpW) 

> ^2 exp-/3(sup S mi p(y) + \\p\\ + Var(p, Ke)) 

B.&Y" y€Bi 

= exp{-/3(Var(p,K e ) + \\p\\)}Q(Z,0,T",-Pp) 

> exp{-/3(Var(p,Ke) + \\p\\)}M(Z,0,m(T'),-(3p) 

> 1, 
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if T and hence m(V) are chosen to be sufficiently large. We have 

Q(Z p ,(3,T)>Q(Zx{0},p,T') 

and since T was arbitrary, we have M(Z P , f3,T — \\p\\,e) > 1 and hence 
htop(Z p ,V,e)>0. □ 

5.5. Proof of Theorem 15.11 Given the results we have proved so far, 
theorem 15.11 follows easily. By lemma IST31 X p = Z p , where Z = X(ip,p). 
We recall that ht op (^) is the unique number satisfing P^ asstc (—tp) = 0. By 
theorem ESI P z (-tp) = Pg assic (-tp) for all t € K, and so h top {^>) is the 
unique number such that Pz(-tp) = 0. Applying theorem 15.81 our result 
follows. 
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